STRONG HOMOTOPY INNER PRODUCT OF AN A go- ALGEBRA 



CHEOL-HYUN CHO 

Abstract. We introduce a strong homotopy notion of a cyclic symmetric in- 
ner product of an Aoo-algebra and prove a characterization theorem in the 
formalism of the infinity inner products by Tradler. We also show that it is 
equivalent to the notion of a non-constant symplectic structure on the corre- 
sponding formal non-commutative supermanifold. 

We show that (open Gromov-Witten type) potential for a cyclic filtered 
j4cx>-algebra is invariant under the cyclic filtered Aoo-homomorphism up to 
reparamctrization, cyclization and a constant addition, generalizing the work 
of Kajiura. 



1. Introduction 

Inner product is an important notion in general and the case of a strong ho- 
motopy associative algebra (Aoo-algebra) is not an exception. A suitable notion 
of an inner product in this case is the cyclic symmetric inner product introduced 
by Kontsevich [Koj . where the Aoo-operations, say rrik '■ A® k — > A, and a cyclic 
symmetric inner product is required to satisfy the following identities: For Xi G A, 

(1.1) < m fe (xi, • • • ,Xk),x k +i >= ± < m k (x 2 , ■ ■ ■ ,x k+ i),xi > . 

The exact sign will be explained in the next section due to different conventions 
used in literatures. This notion for the Aoo-algebras and Aoo-categories is crucial, 
for example, in the work of Kontsevich-Soibelman[KS or Costello [Cosj . 

Another important application is to define a potential for an Aoo-algebra. Un- 
like the closed Gromov-Witten invariants, the general open (genus zero) Gromov- 
Witten numbers counting pseudo-holomorphic discs with intersection conditions, 
does depend on several choices and does not define an invariant in general. (But 
for the Lagrangian submanifold given by the fixed points of an anti-holomorphic 
involution with certain conditions, Welshinger has defined an invariant count. See 
|W],[Ch],[S]). 

In general, one should consider a filtered Aoo-algebra of a Lagrangian subman- 
ifold, where different choices made during the construction give rise to the same 
Aoo-algebra up to ^loo-homotopy equivalences. But to consider the relation of their 
structure constants, one need a finer structure, namely cyclic filtered Aoo-algebras 
and cyclic filtered Aoo-homomorphisms. 

For a cyclic ^4oo-algebra, say A, one can define a potential function (Definition 
I7.1|) such that for any cyclic Aoo-algebra B which is cyclic Aoo-homomorphic to A, 
their respective potential functions are related by reparametrizaion and cyclization, 
by the work of Kajiura |Kaj| . We define corresponding notions in the filtered case 
and extend his results to the case of a filtered Aoo-algebra (Theorem l8.5|) . which is a 
natural setting for the open Gromov-Witten potential. We remark that one should 
consider cyclic filtered Aoo-algebras for the purpose of counting J-holomorphic 
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discs since Aoo-algebra which is not cyclic, is not enumerative. For a cyclic filtered 
Aoo-algebra, even though the individual constants do not define invariants in gen- 
eral, the potential may be considered to be invariant (up to reparametrization and 
up to a constant addition), since a cyclic filtered Aoo-homomorphism preserves the 
potential in this sense. 

So far, we have addressed the importance of the cyclicity for the Aoo-structures. 
The main part of this paper concerns the homotopy notions of a cyclic symmetric 
inner product of an Aoo-algebra. Tradler[Tj has defined the notion of an infinity 
inner product as an Aoo-bimodulc map from an ^^-algebra A to its dual A* . Cyclic 
symmetric inner products also can be written in this formalism f Lemma 13. ip . 

The main question we address in this paper is with what condition does an 
Aoo-algebra A has a homotopy equivalent Aoo-algebra B such that B has a cyclic 
symmetric inner product. Roughly speaking, we say that such an Aoo-algebra has 
a strong homotopy inner product. (Definition 13. 6|) . We show that the existence 
of a strong homotopy inner product is equivalent to the following conditions on 
an Aoo-bimodule map <f> : A — > A*: skew symmetry , closedness condition and 
homological non-degeneracy. This is proved in the characterization Theorem 15.11 
The skew symmetry property only concerns the ^co-bimodule structures (Theorem 
14. ip . This is good enough in the case of Tradler and Zcinalian to associate two 
Hochschild cohomologies H*(A, A) and H*(A 1 A*) (to obtain a BV structure in the 
former) where the relation really concerns the ^oo-bimodule structure of A and A*. 

The strong homotopy inner product actually turns out to be equivalent to the 
notion of the non-constant symplectic structure on the corresponding formal non- 
commutative supermanifold (Theorem 16. ip . And the characterization theorem 15.11 
proves the equivalence of these two notions. 

The question we hope to answer in the future is whether the construction of 
a filtered Apo-algebra of Lagrangian submanifolds by Fukaya, Oh, Ohta and Ono 
can be made cyclic symmetric. Due to the heavy use of abstract perturbations, 
the current construction so far is not cyclic symmetric, although there was an 
announcement by Fukaya that in a different setting of De Rham chains, it can 
be made cyclic symmetric. If one shows that these two constructions are A^- 
homotopy equivalent ( which was proved in the case without quantum contribution 
in [FOOOj ). then, this would provide a strong homotopy inner product on the 
Aoo-algebra on singular chains constructed in [FOOOJ. 

We would like to thank Hiroshige Kajiura for very helpful conversations, and for 
the comments on the draft. 

2. Sign conventions and grading 

First, we explain the sign conventions regarding Aoo-algebras and cyclic sym- 
metry. There are usually two conventions regarding ^loo-formulas, where two sign 
conventions differ due to the degree shifting of the vector spaces. Before the degree 
shift, 

Definition 2.1. An A^-algebra (A,{m™ s }) (with no shifting) consists of a Z- 
graded vector space A with a collection of multilinear maps m := {m^f : A® n — > 
A} n >i of degree 2 — n satisfying the following equation for each k = 1, 2, • • • . 

ki-i 

(2.1) 0= Yj ^2(- 1 Y lm k'(xi,"' ,Xi-i,m%°(xi,--- ,x i+k2 -i),--- ,x k ) 

k t + k 2 =k+l i=l 
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where t\ = i(ki + 1) + &2(|xi| + • • • + Here ns in the superscript means 'no 

shifting '. 

Remark 2.2. Here, we only consider a strict A^-algebra over the field k with 
char{k) = 0. In particular, we assume too ~ 0. The case of mo ^ is discussed in 
the last section of this paper. 

Instead, we will use the following definition of Aoo-algebra after the degree shift- 
ing. 

Definition 2.3. An A^-algebra (A, {to*}) consists of a 1-graded vector space A 
with a collection of multilinear maps to := {m n : A[l]® n — > j4[1]}„>o of degree one 
satisfying the following equation for each k = 1,2, ■ • • . 
fei— l 

(2.2) 0= ^ ^ (-l) £l TO fcl (a;i, ■ ■ ■ ,x l ^i,m k2 (x i , ■ ■ ■ ,x i+k2 -i), ■■ ■ ,x k ) 

kl +k 2 =k+l i=l 

where e\ = \x\\' + • • • + 

Here |arj| is the degree of the element Xi, and |arj|' is the shifted degree. Hence 

|a?i| = + 

The above two conventions are related by the formula 

(2.3) ml s (x u - ■ ■ ,x k ) = (-l)^=^ k - l ^m k (x u - ■ ■ ,x k ). 

The first convention (Definition 12. ip has an advantage that if m k = for k > 3, 
then A has the structure of a differential graded algebra with a differential mi and 
a product mi (i.e. signs match). For the second sign convention (Definition 12. 3p . 
this is not true since signs do not match, but this convention has an advantage that 
the sign rules in this case are just the Koszul sign convention. In this paper, we 
will follow the second convention, which will simplify sign considerations. We refer 
readers to [GJj .fT] for details regarding sign convention. 

The signs for an inner product are also changed as follows. First consider the 
case that inner product is defined by TO2 . If the product m% s (or m% s in the filtered 
case) is graded symmetric, then it turns out that mi (or TO2 ) o) is skew symmetric, 
which can be easily checked from the relation mVfia, b) = (— l)' a 'TO2(a, b). 

Lemma 2.4. If rri% s (or m^) is graded symmetric, then mi (or m2,o) is skew 
symmetric. Namely, we have 

TO 2 (a,6) + (-l)l Q l'l b l'TO 2 (6,a) = 0. 

In general, we can set 

<a,b> ns = (-1)I Q I <a,b> 

Then, symmetry of <, > on a vector space corresponds to the skew symmetry on 
the shifted vector space. 

Now we recall the notion of a cyclic symmetric ^loo-algebra, which was first 
introduced by Kontsevich as a non-commutative analogue of a symplectic structure 
( [Ko] , also see section [5]). 

Definition 2.5. A strict A^- algebra (A, {to*}) is said to have a cyclic symmetric 
inner product if there exists a skew symmetric non-degenerate, bilinear map 

<,>: A[l] ® A[l] -> k 
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such that for all integer k > 1, 

(2.4) < m k (xi, ■ ■ ■ ,Xk),x k +i >= (-1) K ^ < m k (x 2 , ■ ■ ■ ,x k +i),Xi > . 
Here, (— denotes the sign given by Koszul sign convention. Namely, 

(2.5) _ (_]\\x\\' {\x 2 \' +—+\x h+ i\') ^ 
For short, we will call such an algebra, cyclic Aoa-algebra. 

Remark 2.6. This may be considered as a generalization of a property of a Frobe- 
nious algebra. Let B be a Frobenious algebra (commutative) with the inner product 

< a,b >= 8(ab) given by a functional 9 on B. Then, we have 

< ab, c >=< a, be >=< be, a >= O(abc). 
Without the degree shifting, the cyclic symmetry equation becomes 

(2.6) <ml s {x u --- ,x k ),x k+1 >= {-l) k+K ^ <m n k s {x 2 ,--- ,x k+1 ), Xl > . 

Note the additional sign depending on k. But (— l) k cannot be avoided. For 
example, when k = 1, one can easily check (from the Leibniz rule) that singular 
cohomology with Poincare pairing satisfies 

< m" s x,y >= -(-l)NI^I < m™y,x> 

For the signs in the equations, we will write K throughout the paper whenever 
the Koszul convention is used. 

We say that an inner product has degree a if < a, b >=/= implies deg(a) + 
deg(b) + a = 0. Inner product coming from geometry has degree — n which is the 
dimension of the manifold. As an inner product in a shifted vector space A[l], it 
has degree (—n + 2). 

3. Aqo-BIMODULE AND INFINITY INNER PRODUCTS 

In this section, we first recall the Tradler's definition of an infinity inner product 
of an -algebra, and we define the notions of (strong) homotopy inner products 
of an Aoo-algebra in this setting. 

To understand the Tradler's definition, we first consider the case of a commu- 
tative Frobenious algebra. Let (A, •) be an algebra over the field k, let A* — 
Hom(A, k) be its dual. Then, A* has an A-A-bimodule structure given as follows. 
Namely, for v* £ A* , a\, 02, w £ A, we define a\ ■ v* ■ £ A* such that 

(3.1) (ai • v* ■ a 2 )(w) = v*(a 2 ■ w ■ ai). 

The algebra A has a A-A-bimodule structure clearly, and consider the A-A-bimodulc 
homomorphism cj) : A — > A*, and define < a,b >— <fi(a)(b). We also assume that 

< a,b >=< 6, a >. The map <j) being a bimodule map implies that 

< a ■ 6, c > = 4>(a ■ b)(c) 

= • </>)(&) (c) 

= <j){b){c ■ a) =< 6, c • a > 

Similarly, one has the identity < b ■ a,c >—< b,a ■ c >. Hence the Frobenious 
property may be written in terms of maps <fi '■ A — > A* . Generalizing this idea, 
Tradler [T] has defined the notion of an infinity inner product of an Aoo-algebra as 
an Aoo-bimodule map ijj : A — > A* where A* is an Aoo-bimodule over A. Although 
infinity inner product is a generalized notion of an inner product, its relationship 
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with cyclic symmetric inner product has not been known. In this paper, we define 
homotopy notions of cyclic symmetric inner products and prove a classification 
theorem in terms of the Tradler's definition. It turns out that this provides a 
direct link to the non-constant symplectic structure (which is a homotopy notion of 
a constant symplectic structure via a non-commutative Darboux theorem) which 
was introduced by Kajiura. 

First, we write cyclic symmetry in this formalism, and define a cyclic A^- 
homomorphism, and define homotopy notions of a cyclic symmetric inner product. 

There exists a canonical Aoo-bimodule structure on the dual A* of an ^oo-algebra 
(A, m). Recall that Aoo-bimodule structure of M over A is described by sequence 
of maps of degree one 

b k: i : A[Vf> k ®M® A[l]® 1 -> M, 
satisfying b o b = where with BA = SiCApL])®* 

b : BA <g> M ® BA -> BA ® M ® BA 
is an induced coalgebra map defined by 



Here denotes the respective Koszul signs which occur when we move m or b 

through elements a* and v. For example, it is easy to see that K\ = |oi|' H h 

|a/_i|'. We will underline an element of the module M as above to distinguish it 
from elements of A. 



For the case of M = A[l], we may set b ki i = rrik+i+i- For the case of the dual 
M = (A[l])*[-n + 2], we define b* k l as follows 



b* k>l {xi, ■ ■ ■ ,x k ,V*,x k+1 , ■ ■ ■ ,x k+ i){w) = (-l) € v* (m k+l+1 (x k+1 , ■ ■ ■ ,x k+ i,w,xi, 
where 



e = l + K = l + \v*\' + (|xif + • ■ ■ + \x k \')(\v*\' + \x k+1 \ + ■■■ + \x k+1 \' + \w\'). 



One can check that this defines an ^oo-bimodule structure, i.e. b* o b* = 0. The 
additional negative sign in e is to cancel out the sign occurring from the switching 
of two b's when we apply the definition 13.31 twice in proving b* o b* — 0. We leave 
the details to the reader. 

The cyclic symmetric inner product can be understood as a special type of A^- 
bimodule map %p : A — > A*. Let N be the degree of the inner product introduced 
in the last section. Then, we are interested in the bimodule map ip : A — > A*[— N], 
or tp : A[l] — > (j4[1])*[— N + 2] such that the bimodule map ip has degree zero. 
Suppose {ipk,i} defines an Aoo-bimodulc homomorphism tj) : A — ► A*. 

Lemma 3.1. Let ip be an A^a-bimodule homomorphism ip : A — > A* . Define 

< a,b>= ip . (a)(b), 

and suppose that <, > is non-degenerate. Then, it defines a cyclic symmetric inner 
product on A if 



(3.2) 





(3.3) 
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(1) ij)k,i = for (k, I) ^ (0, 0) 

(2) Vo,o(a)(6) = -(-l)H>l> ,o(&)(a). 

Conversely, any cyclic symmetric inner product <,> ok A give rise to an Aoo- 
bimodule map ip : A — > A* with (1) and (2). 

Proof. We first show 'if statement. Suppose the property (1) and (2). Then, <, > 
is skew symmetric by (2). The cyclic symmetry of <, > follows from the fact that 
?Ao,o ( or ip) defines an Aoc-bimodule map along with (1) and (2) as follows. 
An Aoo-bimodule equation may be written in the cobimodule language as 

ip o fh = m* o ip. 

Here we denote the Aoo-bimodule structure of A and A* as m and m* respectively. 

< mk{ai, ■ ■ ■ ,afc),afc + i > = ip(m(ai, a 2 , • • • , ax)) (ajc+i) 

= ipom(ai,a,2,--- ,a K )(a K +i) 

= m* o -0(ai, a 2 , • • • ,a K )(a K+1 ) 

= m*( ip . (a 1 ) ,a 2 , ■ ■ ■ ,a K ){aK+i) 

= -(-l) Kl ipo,o(ai)(m k (a2, ■ ■ ■ ,a K , aK+i )) 

= +(-l) K2 ipo.o(rn k (a 2 , ■ ■ ■ , clk, «g+i ))(ai) 

= < m fe (a 2 , • • • ,a k+1 ),ai > 

Here, ip is a map of degree zero, hence 

#1 = M', K 2 = \ ai \' + M'(|a 2 |' + • • • + |a fe+1 |'). 

The 1st, 3rd, 5th and 7th equality follows from the definitions, and the 2nd and 
4th equality follows from (1). This proves the first part of the lemma. The second 
part of the lemma can be proved similarly. □ 

Before we proceed further, we recall some facts regarding yloo-bimodule struc- 
ture. Given an ^oQ-homomorphsm f : A — ► B, it is known that B has the structure 
of an yloo-bimodulc over A. More precisely, let m A , m B be the ^oo-structures of A 
and B respectively. And denote by / the induced coalgebra map from /. Then, 
^4oo~bimodulc structure of B over A is given by the maps b K i : A® k ®B®A m -> B, 

bk,i(ai ® • • • ® a k <8> b ® a k +i <8> ■ ■ ■ ® Ofc+i) 

= m B (f(ai <g> • • • ® a k ) <S> b<8> /(dfe+i <8> • ■ • ® a fe+ i)). 

It is easy to check that 6^; defines an Aoo-bimodule structure on B over A. Also, 
the ^oo-homomorhism / : A — > £> now induces an Aoo-bimodulc homomorphism 
/ : A — > B as a map between two ^loo-modules over A. In this case, fk,i : A® k ®A® 

A® 1 — > £? is defined by = f k +i+i- One can check that / satisfies fofh A = m B of . 

Also, given an Aoo-bimodule homomorphism f : C —> D, where C and D are 
Aoo-bimodules over A, the Aoo-bimodule map /* : D* — > C* is defined by 

(3-4) /£,(<?,«,$)(«;) = (-l) K v(f ltk (y,w,x)) 

where # = (£ W'XM' + £ llfrl' + M')- 

Now, we define the notion of a cyclic ^loo-homomorphism as follows 
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Definition 3.2. Let A, B be two cyclic symmetric Aoo-algebras, hence with Aoa- 
bimodule maps f> : A — > A* , ip : B — > B* given by the previous lemma. Then, 
an Aaa-homomorphism f : A — > B is called a cyclic ^loo-homomorphism if the 
following diagram of Aoa-bimodules via Aoa-bimodule homomorphisms commute. 



(3.5) 




eye 



The notion of a cyclic Aoo-homomorphism was first defined by Kajiura (in the 
setting of non-commutative symplectic geometry as maps preserving constant sym- 
plectic structures) and the above definition is in fact equivalent to it 



Lemma 3.3. [Definition 2.13 |Kaj|] An Aoa-homomorphism {fk}k>i between two 
Aoq- algebras with cyclic symmetric inner products defines a cyclic Aoa-homomorphism 
if and only if 

(1) /i preserves inner product < a,b >=< /i(a), flip) >. 
(2) 



(3.6) 



i+j=k,i,j>0 



,X k ) >= 0. 



Proof. Proof can be easily seen from the commuting diagram above. More precisely, 
the first equation follows from commuting diagram of (f>o.o '■ A — > A* , and the second 
equation follows from the vanishing of (fiki : A — > A*. □ 



Now, we define two homotopy notions of cyclic symmetric inner products. The 
first one is given in the sense of Aoo-bimodules, and the second one in the sense 
of ^loo-algebra, which can be easily seen by generalizing the commutative diagram 
above. 

We fix an Aoo-algebra A. First, we introduce the concept of a cyclic symmetric 
inner product of an Aoo-bimodule over A. 

Definition 3.4. The A^a-bimodule M over A is said to have a cyclic symmetric 
inner product if for the Aoa-bimodule differential {fej^}, we have non-degenerate 
skew symmetric bilinear map <, >: M x M — * k such that 
(3-7) 

< ^fe,z( a ii • ' • , a k,v, dfc+i, • • • , a k+ i),w >= (-1) 1 < v, b lk {a k+ i, • • • , a k +i,w, oi, • • • , a k ) > 

or equivalently, we have a Aoc-bimodule homomorphism ip : M — > M* over A 
with ipk,i = for (k,l) ^ (0,0) with skew symmetric ipo,o- Here K — \v\' + 

(Etikl')(l«l' + ES + ikl' + K). 

Now, we define the notion of a homotopy inner product and the strong homotopy 
inner product. 

Definition 3.5. Let C be an A^-bimodule over A. We call an Aoa-bimodule map 
f> : C —* C* a homotopy inner product if there exists an Aoa-bimodule D over 
A which has a cyclic symmetric inner product ip : D — > D* and a Aoa-bimodule 
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quasi-isomorphism g : C 
(3.8) 



D with the commuting diagram 

9 

eye 




Definition 3.6. Let A be an A^- algebra, We call an A^-bimodule map <f> : A — > A* 
a strong homotopy inner product if there exists a cyclic symmetric Ac^-algebra B 
with ip : B — > B* and an Aqo- quasi-isomorphism f : A — > B such that the following 
diagram of Aoc-bimodules over A commutes 

(3.9) 




Here by g : A — > B, we denote the induced A c 
considered as an Aoc-bimodule over A. 



-bimodule map f — g where B is 



Thus A is Aoo-homotopy equivalent to B which has a cyclic symmetric inner 
product, if and only if A has a strong homotopy inner product by definition. 



4. Characterization of homotopy inner products 

Let C be an Aoo-bimodule over an Aoo-algebra A. For a given A^-bimodulc 
homomorphism <p : C — > C* , we find a condition on <f> which is equivalent for C to 
have a homotopy inner product. (Definition 13. 5p . 

Theorem 4.1. An A^-bimodule C has a homotopy inner product if and only 
if there exists an Aoc-bimodule map <fi : C — » C* satisfying the following skew- 
symmetry and homological non- degeneracy condition. The skew symmetry condition 
is that 

(4-1) <l>k,l&vj)( w ) = -(- 1 ) K 0i,fc(^w,a,i;), 

for all a = (oi, • • • , a/s), b = • • • , &;) with ai,v, bj,w € A. And we say <ft is 
homologically non- degenerate, if for any non-zero [a] £ H*(C) with a G A, there 
exists [b] G H*(C) with b G C such that (f>o,o(o,)(b) ^ 0. Here K is the Koszul sign 
of switching (a,v) with (b,w): 

K = (£\ai\' + \v\')C£\bi\'+M)- 

Remark 4.2. As we only require non-degeneracy on the homology level, it turns 
out that a homotopy inner product we find for C , say <fr' : C — > C* , is not exactly the 
same as (j>, but only up to an Aoo-bimodule quasi-morphism (in the 'if statement). 
The map <fi' be constructed out of 4>- If we have non- degeneracy on the chain 
level, we have </> = <f>' . 

Proof. Let us first prove the 'only if statement. By definition of a homotopy inner 
product, C is equipped with a map 4> : C — ► C* which satisfy the commuting 
diagram 13. 81 Skew symmetry easily follows from the diagram as follows 
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Note that we have <p> = g* o ip o g. Hence, we have 

g(ai <g • • • (g ak ® v <g b\ (g • • • ® bi) 
= 2jai ® • • • ® Oi ® <7fe_jj(oi+i (g • • • <g afe ® « tg 61 ® • • • <g 6j) (g) ig) • • • (g 6;) 

and 

cj>k,i{a,v, b)(w) = 4>{a x ® ■ ■ ■ <g> a fc (g w (g 61 <g • ■ • g> &z)(w) 
= y^g*(ai®- ■ •<gai ( gV'o,o(fffc-ij(a4+i ( g- • '(gafeig«®&iig- ■ •&>&/))<g& i j+i<g- ■ >®bi){w) 

= *^2(-l) Kl < 9k-i,j{ai+i®- ■ -(gafe(gw(g6i(g- ■ ■®6 J 0>fl'J-.j,*(fy+i®' ' •<gfy | gw<gai ( g' • -®Oi) >, 

= ^ -(-1) A ' 2 < gi-j,i(bj+i<8i- ■ ■<3bi®w<3ai<g)- ■ '®ai), gk-i,j(ai+i®- • -<gafc(gwg&i(g' • -<g&j) >, 

= —(— 1)^0(61 ig---®6iigw®ai®---(g a k )(v) = — (— l) JC ' 3 J>fe (6, w,a,v), 
where -K3 = /i" in the skew symmetry condition and 

K 1 = (\a 1 \' + ■■■+ \ai\')(\a i+1 \' + ■■■ + \a k \' + \v\' + + ■ ■ ■ + + \w\'). 

K 2 = K l + (\a, J+l \' + -- • + |6 J r)(|6 i+1 |' + -- ■+|&i|' + K + -- - + 

In the first equality, we used the fact that ipk.i = for (k, I) ^ (0, 0) and in the 
third equality, we used the skew symmetry of ip. This proves the skew symmetry 
of (p. 

For the homological non-degeneracy, first notice that inner product of D is non- 
degenerate, but it is not clear if it is homologically non-degenerate (with respect 
to 60.0) ■ To show this, we first consider the Hodge type decomposition of D = 
H®S®T, where H is a subspace which contains each representative of the homology 
of (Z),6o,o) and S — im(6o,o)- Cyclic symmetry implies that the inner product on 
H x S or S x H or S x S vanishes. Hence, non-degeneracy implies that the inner 
product on H x H is non-degenerate, which implies the homological non-degeneracy. 

Now, we prove the 'if statement. We use the skew symmetric property to 
construct a new ^oo-bimodule D (^loo-bimodule quasi-isomorphic to the original 
one) such that the Aoo-bimodule D has a cyclic symmetric inner product. Now, in 
general we will obtain the commuting diagram !3.8i not with <p, but with a new map 
<p' : C — > C* . But this still implies that C has a homotopy inner product, which 
finishes the proof. 

We first consider the case that <Ao,o is non-degenerate on C ( not only homolog- 
ically, but also on the chain level) . We will show how to handle the general case at 
the end of the proof. 

Here is how we proceed. As a vector space, we set D = C and define %p : D — > D* 
by setting Vo,o — 00, an( i set ^k,i = for (A;, I) ^ 0. Instead of constructing A^- 
bimodule structure on D, we first construct what is supposed to be an Ago-bimodule 
map gk,i ■ C® fe (g C <g C® 1 — > D satisfying the required equations (see the above or 
equation 14. 21 below) inductively. Secondly, we define an ^loo-bimodule structure on 
D inductively so that the already defined map g : C — > D becomes an Aoo-bimodule 
homomorphism. The final step is to verify that the map ip : D — > D* is indeed a 
map of ^oo-bimodules, hence providing a cyclic symmetric inner product on D. It 
will be clear from the construction that the diagram 13.81 commutes. 
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We begin our construction. Suppose that we are given an Aoo-bimodule map 
4> : C — » C* which is skew symmetric ()4.1|) . This implies that we have 

0o,o(«)(w) = (-l) M ' H ' + Vo,oM(«). 

Hence so is tpo,o- 

Now, we construct g k ,i inductively. We set go,o to be the identity map from A 
to A(— B). Suppose we have constructed gkj for all fc, I with fc + I < N. Consider 
any pair with k + I = N, and a, 6 A for 1 < i < N and v G A. 

We determine (f>k,l(a, v, b)(w) G fc for a G A m , b G A® l ,v G C. We recall that 
and g are supposed to satisfy the following equations from the commuting diagram: 

(4.2) <f> k ,i{a,v,b){w) = 

^2(-l) Kl < 9k-i,j{ai+x, ■ ■ ■ , ak, v, ■ ■ ■ , ak+j),gi-j,i(a,k+j+i,- ■ ■ , a k+ i,w, oi, ■ •■ , a») > 

Notice that by induction, the maps g k -i,j and gi t i~j have been already defined 
for i > 1 or j > 1. The only undetermined expressions are the following two terms 
from the RHS of (O. 

(4.3) < g k ,i(a,v,b),w > +{-l) K2 < v,gt tk (b,w,a) > 

Hence, considering all possible inputs (a, t>, b, w) among basis elements of A, we ob- 
tain linear system of equations, from the non-degeneracy of <, >. (One can choose 
a good basis which is orthonormal or symplectic on suitable subspaces depending 
on the degree, so that the equation have a very simple form.) In fact, this lin- 
ear system has a very simple structure as a linear system. Namely the equation 
from data (a, w) has the same unknown term as the equation from the data 
{a! , v',b' ,w') if and only if they are the same data or 

a = b,b = a,v = w,w = v. 

But the equation from the data (a?,v',b',w') in this case, exactly equals to the 
equation from the data (a,v,b,w) up to the overall Koszul sign from the skew 
symmetry (|4.1|) . This is where we need skew symmetry condition. (Without the 
skew symmetry assumption, the system would have no solution.) Hence we can 
discard one of the equations from each pair, and solve each equation separately. 

In fact, there exists a subtle problem when we solve the corresponding equation 
in the following particular case: 

a = b, v — k = I. 

Then, 

< gkd(a> v > b )> w >=< 9Lk{b, w, a), v >=< gk.kia, v, a), v > 
In this case, the expression (|4.3[) becomes 

(4.4) < g k ,i{cl,v,a),v > +(-1)^ WXM'+E M'+W) < v ,g kd (a,v,a) > 

The above expression could vanish in some case: By comparing this with the skew 
symmetry of the inner product 

(4.5) < g k ,i(S, v,a),v> +(-l) G l»*l'+M'+£ < v, g k ,i(a, v,a)>, 
one can see that the expression 14.41 vanishes if 

(£ m'xm' + E w + mo + (E 1°*!' + m' + E i a *r)i"i' 



STRONG HOMOTOPY INNER. PRODUCT OF AN A^-ALGEBRA 



11 



= X)l° i l' + H / = °( mod2 ) 

If this occurs, it may seem that there is no solution to the equation 14.21 But, in 
this case, we show that all the other terms in the equation 14.21 vanishes (as pairs) 
also, hence the particular equation is satisfied trivially. To see this, first consider 
the right hand side of the equation 14. 2\ which is <j>k^{a,v,a)(v). The vanishing of 
this term follows from the skew symmetry of (f>. Namely, 

(f>k,k(a,v,a)(v) = -{-l) K <i) k , k {(a,v,a)(v) 

= -<t>k,k{{a>>v,a)(v) 

The last line follows from the assumption \ a i\' + M' = above. 

Also, other expressions in 14.21 vanishes in pairs as follows, we consider any two 
possible partitions of a: a — (a 1 , a 2 ) and a = (a 3 , a 4 ). We denote by | a. 1 1' the sum 
of degrees \ a l\' '• Then. l4~2l contains the following pair of expressions. 

(-l) ei <g(a 2 ,v,a?),g(a*,v,ai) > +(-l) £2 < g(a*,v,a}),g(a 2 ,v,a?) > 

where 

£1 = l^l'da 2 !' + \v\' + |a 3 |' + |a 4 |' + MVi = l« 3 |'(l« 4 |' + H + 1^1' + \a 2 \' + \v\'). 
This term vanishes if the sign agrees with the following skew symmetry condition 
of <, >: 

< g(a 2 1 v 1 a li ),g(a' 4 ,v,a i ) > + (-l) £3 < g(a*, v, a 1 ), g{a 2 , v, a 3 ) >= 0, 

where 

e a ={\a 3 \ , + \v\' + \a a \')(\a A \' + \v\'+\a 1 \') 
Through elementary calculations, one can check that 

d + e 2 = £3 (mod 2), 

under the assumption ^2 |a,|' + = 0, which proves the claim. In this way, we 
construct a map g*,* inductively which satisfies equations H21 And by construction, 
(j) = g* o tp o g. To finish the construction of the new Aoo-bimodule, we construct a 
new bimodule structure on D{= C) such that g : C — + D and tpo,o) ■ D — > 
D* are maps between Aoo-bimodules. First, we choose an ^loo-bimodule structure 
so that g becomes a bimodule map. 

Lemma 4.3. Let (C, 6* „) be an Aoo-bimodule over an Aoo-algebra A and consider 
a family of bilinear maps 

gij :A® l ®C® A 01 -» D. 

fori,j £ NU{0}, and go x> : C — > D is a vector space isomorphism. Then, there ex- 
ists a new bimodule structure b®^ on D(— C) such that g becomes an A^-bimodule 
homomorphism between these two Aao-bimodules. 

Proof. The new bimodule structure is defined inductively using the Aoo-bimodule 
equation as follows. We would like to have 

(4.6) {g ob c )(x ® v ® y) = (b D o g){x <g> v ® y). 

Suppose b^ is defined for k + I < N. Consider the case k + I = N. Then, 
in the equation 14.61 the terms on the left hand side is already given, and the 
terms on the right hand side is determined by induction hypothesis except the 
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term bk,i(x, go,o(v ), y). Hence, this term is uniquely determined by the equation 

ma 

To show that the maps indeed gives an Aoo-bimodule structure on D, we 
need to show that b D o b D = 0. But, first, it is not hard to note that the map 

g : BA ® C (g> BA -> BA ® D ® BA. 

is a surjective since <7o,o is a vector space isomorphism. 

Hence it is enough to check b D o & D o g = 0. But since b D og = g~ ob c , 



b D ob D og = gob u ob 



C „TC 



0. 



□ 



Now, we show that ip : D — > D* is an Aoo-bimodulc homomorphism with the 
bimodulc structure & D on I? and b D on D*. Namely, we need to prove that 



(4.7) 



•ip o b D = b D o ijj. 



The map cj> is an Aoo-bimodule map, hence 

4)ob c 

Hence, using (ft = g* o ip o g 7 



b c * o 0. 



g* o i/j o ~g o b 



o o -0 o ^ 



o (ip o b D ) o g = ~g * o (S 15 o ^) o ] 



Therefore, we have 



This in fact proves the equality 14. 7[ because g is surjective. This finishes the con- 
struction of D, hence gives the proof of the theorem assuming the non-degeneracy 
on the chain level. 

In the general case where C has only homological non-degenerate inner product 
<^o,o> w e proceed as follows. By the minimal model theorem(see [FOOO| or |TZ| ). 
there exists an Aoo-bimodule H*(C) over A, with an Aoo-bimodulc quasi-morphism 
rj : H*{C) — ► C . Thus, we obtain the map (ft from the following commuting diagram. 



(4.8) 



C- 



c* 



H*(C) 



(H*(C))* 



Note that the induced map 0o,o : H*(C) — » (H*(C))* is non-degenerate. Also, 
it is not hard to show that if (ft satisfies skew symmetry, then (ft also satisfies the 
skew symmetry. Now, we can apply the construction above in the non-degenerate 
case for the map <^o.o : H*(C) — > (H*(C))*. Therefore, there exists a bimodule D, 
which has cyclic symmetric inner product ip : D — > D* , and an ^loo-bimodule map 
g : H*(C) — > £) with the commuting diamgram 14.91 

But since rj is only a quasi-isomorphism, we cannot invert the arrow of rj exactly. 
Namely, there exists an quasi-inverse £ of 77 so that 77 o £ is only homotopic to 
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identity. So, as an alternative, by using £, we construct a new map : C 
from 4> using the following diagram 



C* 



(4.9) 



c* 



H*(C) 



{H*(C)Y 



- D 



(It is easy to see that 4> an d 4 1 ' are related by r\ o £). The above diagram proves 
that C has a homotopy inner product <f>' : C —> C* . □ 

5. Characterization of strong homotopy inner products 

Let A be an Aoo-algebra, and consider the induced Aoo-bimodule structures on 
A and A*. For a given A^- bimodule homomorphism <j) : A — » A*, we find a 
condition on cj) which is equivalent for A to have a strong homotopy inner product. 

Theorem 5.1. An A^-algebra A has a strong homotopy inner product if and only 
if there exists an A^-bimodule map <p '■ A — > A*, satisfying the following three 
conditions. 

(1) (Skew symmetry) 

4> k ,i{a,v,b){w) = -(-l) K <pi t k(b,w,a,v). 

(2) (Closedness) For any choice of a family (a±,--- ,a; + i) and any choice of 
indices l<i<j<k<l + l, we have 



(-l)*^(..,a£, -OK) + (-ir^(..,^, + ..)(<*<) - 0, 

where the arguments inside <f> are uniquely given by the cyclic order of the 
family [a\, ■ ■ ■ , a;+i), and the signs are given by the Koszul convention: 

(5.1) K, = flail' + • • • + M')(|a*+i|' + ■ ■ ■ + \a k \'). 

(3) (Homological non- degeneracy) For any non-zero [a] £ H*(A) with a G A, 
there exists a [b] G H*(A) with b G A, such that <fiofi(a)(b) ^ 0. 

Remark 5.2. As in the case of Aqo -bimodule, a newly constructed map </>' : A — > A* 
( not the map 4> ), becomes a strong homotopy inner product with the homological 
non- degeneracy condition. If it is non- degenerate on A, then <fi' = 4>- 

Proof. We first show that a strong homotopy inner product, (j), satisfies these prop- 
erties. The first property, Skew symmetry, follows from the similar arguments 
in the previous section due to the relation bk,i = mk+i+i- Also note that Arx,- 
homomorphisms / : A — > B induces an Aoo-bimodule map g : A — > B and they are 
related by g k ,i = fk+l+i- 

To show the closedness condition, we apply the eauation l4.2l to each term of the 
equation. More precisely, the first term is 



(-1) <<£(.., a*, ..)(aj) = (-1) '0(^+1, a^,-,^, • 
= </(•••, a,,--- 



E 



{-l) K - </(■■• ,a k , 



(-1)*" < /(• 



• - a j-i)( a j) 
),/(• • • >a?> • 

, at, •••))/(• 
••),/(•• 



)> 
• • ) afe, 



)> 
••)> 
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Similarly, 



(-l)*^(..,0£ > ..)(a fc ) = ^(-l)^ </(... ,04,... ,a jV - •),/(••• ,<**.•") > 

+ H(~ 1 ) /f5 </(••• > %•>•••)>/(••• .o*.-" ,Oi,---) >> 
(-l)**#.. > a t ,..)(a < ) = £j 1; K ' ' /(••• .a,.- •• .r,,... .;./:... .a,.-.., > 

+ (-l)^ 7 J] </(■■■. a ^ ■■■)./(•■■. «i. ' ' ■ . Oj. ' ' ' ) >> 



It is easy to note that each expression in the overall sum, occurs in pairs such as 



which cancel out due to the skew symmetry condition as all the related signs arise 
from the Koszul convention. This proves that the closedness condition is satisfied 
for a strong homotopy inner product. Homological non-degeneracy can be proved 
similarly as in the case of homotopy inner products. 

Now, we prove the 'if statement. Suppose 4> : A — > A* satisfies the three 
conditions of the theorem. First, we assume that <^o,o is non-degenerate on A, not 
only homologically non-degenerate as in the previous section. General case will 
be discussed at the end of the proof. We construct an A^-algebra B with cyclic 
symmetry, which is ^oo-homotopy equivalent to A. 

This case is more complicated than the ^oo-bimodule case, due to the abundance 
of the equations to be satisfied. Our strategy is to use only a small part of the 
bimodule map , 0o,* to construct an Aoo-algebra B and a map / : A — > B and 
show that the compatibility with 0*.* automatically follow from the closedness 
condition. 

We set B = A as a vector space, and we will construct maps fk ■ A® h — > B 
inductively. We set f\ to be the identity map, and ?/>o,o = <f>o,o- 

The commuting diagram l3. 91 gives rise to equations (cf. equation l4.2[) for a* 6 A. 

(5.2) 0o,*-i(^i)ffl2, • • • ,a*)(fflfc+i) 



Now, we will construct family of maps fk inductively satisfying the above equa- 
tion 15.21 Suppose we have determined /< for i < k. In the equation 15-21 all the 
terms are already determined except the following two terms from the right hand 
side 



By considering a suitable good basis of A with respective to the inner product, the 
equations 15.21 provide a system of linear equations as dj varies over basis elements. 
This linear system in fact can be partitioned into several linear subsystems. This is 
because the expression < fk(o>i, • • ■ , cik+i > appears exactly twice in the linear 
system: Namely, consider the equation 15.21 with 0o,fc-i(afc+i, ai, ■ ■ ■ , Ofc-i)(fflfc)- 
Then the equation contains the expression < <2fc+i,/fc(ai, • ■ • , ajt) > which equals 
(— l) x < /fc(ai, • • • , a*) i afe + i >. In fact, a moments thought tells us that we need 
to consider a linear subsystem which is obtained by the equations as we cyclically 
rotate the arguments (ai, • • • , ftfc+i) 



I D K - /:•...,/;..•• .a,..-.)./;.-. , aj , ■■■)> + 
{-l) Ka </(■■•, aj, ...),/(..., a k , • • ■ , on, ■ • • ) >, 




< /fc(oi) ' ■ • , a-k), a k+1 > + < ai, f(a 2 , ■ ■ ■ , a k +i) > 
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Thus obtained linear subsystem is now somewhat similar to the following simple 
example: 

Xl - X% = Ci,X2 - x 3 = c 2 , • • • ,x k +i -xi = C k+ i. 
This linear system has a solution only if c j = 0, since the coefficient system is 
not non-degenerate. 

Back to our original problem, we also need to check certain identities to make 
sure the existence of a solution. First, we consider the case that all elements 
a±, ■ ■ ■ , ak+i are distinct from each other. Then, consider the sum over all cyclic 
permutations: For a G Z/(fc + 1)Z, (with = aj if i = j mod k + 1) 

(5.3) 2j(-l) Ktr ^ ,fe-i(aa+i, a CT+2 , ••• , a (T+fc )(a cr+fc+ i) 

( 5 - 4 ) =X!(~ 1 ) A "X! < /«( a ^+i)'-' ,a*+i),fk-i+i{aa+t+i,--- ,a CT+fe+ i) > 

cr i 

where 

K a = (|aif + • • • + |o tr _ 1 | / )(|a or |' + • • • + lafc+il') 
In the above expression !5.4[ each term appears in pairs from a different permutation 

( — l) Kl < fi{ a tj+li 1 • " i O-a+i), fk-i+l( a e+i+l, " " ' ) a cr+fe+l) > 
+ (— l)"^ 2 < /fc— i+l(a<T+i+lj ' ' ' 7 a cr+fc+l), fi{a a +l, ' ' ' , O-a+i), > 

and these terms vanish due to the skew symmetry of <, >. This implies that the 
equation (|5.3I5.4[) maybe considered as a redundant equation of the system, and 
this system has a solution if the expression l5.3l vanishes. We will show this vanishing 
from the closed condition as follows. 

Lemma 5.3. The exvression \5.3\ vanishes. 

Proof. We fix the family (oi, • • • , (Xfe+i) and do not change throughout the proof of 
the lemma. We may write (for i ^ j) 

[ai,oj] = (-ly^Vi+fc-jj-iO-- ,ai, •••)(%•) 

and the skew symmetry implies that 

[a*, aj] = — [oj,Oi]. 

Also, the closed condition reads as 

[ai,aj] + [a 3 ,a k ] + [ofc,Oi] = 0. 

And, the statement we need to prove can be written as 

(5.5) [ax, afc+i] + [02, oi] + [as, 02] H h [afc+i, «fc] = 

But this can be proved easily from the above two equations. □ 

This proves that each linear subsystem has a solution when all a^'s are distinct. 
The case when all a^'s are not distinct can be dealt analogously. The case we 
need to be careful is when for some cr € Z/(fc + 1)Z, (00 7^ 0), 

(ai, ■ ■ • , Ofc+i) = (ffltr+i, a<T+2, • • ■ , flcr+fc+i)- 

In the case that a ^ 1, instead of considering all cyclic permutation in 15. 3| we 
consider the cyclic permutations corresponding to 0, 1, ■ ■ • , a — 1 G Z/(k + 1)Z and 
we can proceed similarly. 
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The case a = 1 is more subtle. In this case, we have a family a — (a, a, • • • , a) 
for a 6 A, and a single equation: 

(5.6) (j>a,k-\{a,a, ■ ■ ■ ,a)(o) = < /<(a, • • ■ , a), / fc _ i+1 (a, • ■ ■ ,a) > . 

In this case, like in the case of Aoo-bimodule, two undetermined terms in the induc- 
tive process, may cancel out each other. More precisely, from the skew symmetry 

< a, /(a, ■ • • , a) > + < /(a, • ■ • , a), a >= (1 - (-l)M'W) < /( a , . . . , a), a >, 

the undetermined two terms (LHS) cancel each other out if k\a\' is even. We show 
that in this case, the whole equation 15.61 actually vanishes. 

First, if k\a\' is even, we show that the RHS of the equation 15.61 vanishes . Terms 
in the RHS comes in pairs 

< fi(a, ■ ■■ ,a),fk-i+i(a, ■•• ,a)> + < fk-i+i(a, ■ ■ ■ , a), /,(a, • • • , a) > . 

And from the skew symmetry condition, this terms cancels because 

fcH'even => (_i)(*M')(*-*+i)|a|' = i. 

If \a\' is even, this is clear. If k is even, i and k — i + 1 have different parity. 

Thus, we only need to show that the LHS of the equation l5.61 <l>o,k— l (& a, • ■ • , a) (a) 
vanishes. To show this, we use the skew symmetry and the closed condition of (f>. 
In fact, we will use the equation 15.51 which was derived from these two properties. 
Namely, we have 

(5.7) [1, k + 1] + [k + 1, k] + ■ ■ ■ + [3, 2] + [2, 1] = 0. 
In this case, since all Oj's are equal, Hence, 

[i + M = (-l) fc|o| '[M-l]. 

Therefore, the equation 15.71 is equivalent to (k + 1)[2, 1] — 0. Hence, [2, 1] vanishes, 
and so does [1,2]. This implies the claim. This finishes the construction of /. 

Now, one can construct an A^-algebra structure on B which is homotopy equiv- 
alent to A such that / : A — > B is an Aoo-algebra homomorphism. 

Lemma 5.4. Let (A,m) be an Aaa-algebra and consider a family of bilinear maps 
fk '■ A® k — * B. for k G N, and f\ is a vector space isomorphism. Then, there 
exists a A^-algebra structure on B{= A) such that f defines an Aoo-algebra quasi- 
isomorphism between these two A^-algebras. 

Proof. The proof is analogous to the case of Aoo-bimodule and we omit its proof. □ 

The Aoo-homomorphism / : A — > B induces an Aoo-bimodule map g : A — > B 
where B is regarded as an Aoo-bimodule over A. Then, from the composition of 
the following 

.1 ''• // "• //• X. 

we have a map <pk,i ■ A — > A* (cf> = g* o ip o g). By construction, we have 

<t>o,k = 4>0,k- 

Note that we do not know whether ip : B — > B* is a map of Aoo-bimodules yet, and 
the composed map tf>k,i '■ A — > A* is not an Aoo-bimodulc map yet. Whether it is a 
bimodule map depends on the relation of and m, and we only consider the map 
4> itself. 
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Now, we show that <j> actually is the same as </>.For this, note that from the 
diagram and the arguments in the beginning of proof of the theorem, <p also satisfies 
the skew symmetry and the closed condition. Using this, we prove that 

Lemma 5.5. For any k, I £ N U {0} 7 we have 

<pk,l = 4>kl 

Proof. It is enough to prove that <pk,i (or 4>k,l) can be written as a linear combi- 
nation of <po,*'s. We fix the family of elements (oi, • • • , ak+i+i) and do not change 
throughout the proof of the lemma. Note that, we already have 

<fto,fc+i+i( a i> • • • ! o,k+i){ak+i+i) = <j>o,k+i+i(g±, ■ ■ ■ ,a,k+i)(ak+i+i)- 
Notice that the term <f>o t k+i+i(ai_, • • • , aj-2)(aj-i) may be written as [cij, cii_ 1]. And 

4>k,i(aj+i, - ■ ■ jOijOi+i,--' , aj-i)(aj) = [di, a 3 \. 
Then, the lemma can be easily proved by the identity 

[audj] = [a u a i+ i] + [a i+1 ,a l+2 ] H h [a J _ 1 ,a j ] 

a 

Thus we have a commuting diagram l3.91 Thus it remains to show that tp : B — > 
B* is a map of ^loo-bimodules, which can be proved exactly as in the case of A^,- 
bimodules using the commuting diagram. This finishes the proof of the theorem in 
the case that the </>o,o is non-degenerate. 

For the case that o ,o is homologically non-degenerate, we proceed as follows. 
The following lemma is easy to check. 

Lemma 5.6. Given an Aoo-homomorphism h : P — > Q, and an A^-bimodule map 
X '■ Q — > Q* between two Aa^-bimodules over Q, there exists an A^-bimodule map 
Q : P — » P* with the commuting diagram of A^-bimodules over P: 

(5.8) P 

: h 

C; 

i 

Here, x '■ Q ~ * Q* is an A^-bimodule map over an A^-algebra P , which is induced 
from x- 

Moreover, if x satisfies the skew symmetry and closedness condition, so is £. 

By the minimal model theorem for an A^-algebra A, there exists an induced Aao- 
structure on H*{A) such that there exists an Aoc-quasi-isomorphism h : H*{A) — » 
A. Therefore, by the lemma, we obtain an Aoo-bimodule map Q : H*(A) — > 
(H*(A))* which satisfies skew symmetry, closedness condition, and non-degeneracy. 
Now, we can use the construction so far to define an Aoo-algebra B with the cyclic 
symmetric inner product ip : B — > B*, and an Aoo-homomorphism / : H*(A) — > B 
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with the commuting diagram 15.91 of Aoc-bimodulcs over H*{A). 



(5.9) 



H*(A) - 

c 

{H*{A)f 



g=f 



D 



B* 



But since h is only a quasi-isomorphism, we cannot invert the arrow of h exactly. 
There exists only a quasi inverse w : A — > H* (A) with h o w is only homotopic to 
the identity map. So, as an alternative, by using w, we construct a new map 
4>' : A — > A* from £ using the following diagram and the above lemma. (Note that 
the above diagram 15.91 induces the same diagram of Aoo-bimodules over A, using 
the quasi-isomorphism w, where wc denote the induced maps using ~) 



(5.10) 



A ■ 



A* 



^H*(A) 

C 

(H*(A)Y 



B 



-B 



This proves that A has a strong homotopy inner product <£>'. 



□ 



6. Relation to the non-constant symplectic form 

According to Kontsevich (see |KSj . |Ko] , |Kaj| ), Aoo-algebra, say A, may be con- 
sidered as a formal non-commutative supermanifold, say X. If A has basis elements 
{e^}, then, consider the formal dual coordinates X4. In this formalism, operations 
{m*} correspond to the vector field 8 on X. If 

m fe (e il , • • • ,e ih ) = V"m J 



3 



Then, we have (with Einstein convention) 



d_ 



k=l " 3 

A cyclic symmetric inner product corresponds to a (constant) symplectic structure 
u) on X. Namely, let < e^, ej >= u>ij and consider its inverse u) % ' 3 Then, 

( ) — —uf' j — 
dxi dxj 

defines a Poisson bracket (See |Kaj for detailed explanations) . 

As in the section [71 cyclic A^-algebra is equipped with a cyclic potential <E>. 
There exist a relation 8 = (,<&), and on the other hand, any vector field (Aao- 
structure) 8 obtained this way has a cyclic symmetry. 

Kajiura has extended the notion of the constant symplectic structure to that of a 
non-constant symplectic structures, and showed that any non-constant symplectic 
form on a formal non-commutative supermanifold can be transformed to be con- 
stant by a coordinate transform. The definition of non-constant symplectic form 
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actually came from a physical motivation via open string theory and it was defined 
in Definition 4.5 of |Kaj| as a poisson bracket 

i,j,I,J 1 3 

which satisfies the skew symmetry and the Jacobi identity or as a non-constant 
symplectic two form 

lo = ujjiji{x I dx l x J dx 3 ) c 

i,j,I,J 

where the coefficient satisfies 

UjiJI — —UJijJJ, 

and the two form being closed. 

Theorem 6.1. Let A be an Aoo-algebra which is finite dimensional. The strong ho- 
motopy inner product on A with non- degeneracy condition (not only homologically 
non-degenerate) is equivalent to a non-constant symplectic form on the correspond- 
ing formal non-commutative supermanifold X . 

Proof. Intuitively, this is clear. A strong homotopy inner product, can be made 
into a strict cyclic symmetric inner product after a coordinate change (via A^- 
quasi-isomorphism) . Also, a non-constant symplectic structure can be made into 
the constant symplectic structure via non-commutative version of the Darboux 
theorem ([Kaj],[G]). 

The characterization theorem of a strong homotopy inner product provides a 
rigorous proof of this correspondence. Namely, for the basis {ej} of A, let (j> : 
A — > A* be a strong homotopy inner product. Then, for / = {i\,--- ,i a },J = 
{ji, ■ ■ ■ ,3b}, we set 

Then, the skew symmetry of lo , and that of (j> in the Theorem 15.11 exactly cor- 
responds to each other, and the closedness condition of lo and that of cf> in the 
Theorem 15.11 also exactly corresponds to each other. Hence the proposition follows 
from the Theorem 15. II □ 

7. Potential of a cyclic Aqo-algebra and its invariance 

In this section, we introduce Kajiura's work on the invariance of the symplectic 
action under the cyclic homomorphism, which is not well-known to the mathemati- 
cal community. If we translate it into a mathematical language, it means that cyclic 
Aoo-algebra A is equipped with a potential whose main feature is the invariance 
under cyclic Aoo-homotopy equivalence up to reparametrization and cyclization. 
Let (A, m£) be a cyclic Aoo-algebra. Let ej be generators of A as a vector space, 
which is assumed to be finite dimensional. We may transfer the ^oo-structure on 
A to H*(A) to get a finite dimensional Aoo-algebra. Define x = CiXi where Xi 
are formal parameters with deg(xi) = —deg(ei). 

Definition 7.1. We define 

(7.1) <S> A (x) = Y / - j -^j<m£(x,x,---,x),x> 
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This may be considered as a systematic way of gathering structure constants of a 
cyclic Aoo-algebra. Although two homotopy equivalent Aoo-algebras are interwincd 
by an ^oo-homomorphism, this is not good enough to interwine their structure 
constants. One of the benefit of having cyclic Aoo-algebra and cyclic morphism is 
this invariance of structure constants up to the reparametrization. 

We first set up some notations. We write (with Einstein convention) 

(7-2) m A {e %1 ,--- ,e lk ) = A m\^...^e ll h[ ....... • A' 

Consider a cyclic A^-algebra (B, mf) and a cyclic yloo-homomorphism h : B — > 
A. We define the change of coordinate as follows. We also assume B is finite dimen- 
sional as a vector space, and denote by {/*} its basis, and introduce corresponding- 
formal variables as before. Suppose 

Wj 1 r-',fi h ) = h i ht ... Jk e i , /,;.....,. ( R, 

where R is the ring for the ^loo-algebras. Then, we set 

(7.3) Xl ^ h l ni y ni + V j2uj22 y j21 y j22 + ■■■ + h) n ... J[k y Jn ■ ■ ■ y Jlk + ■■■ 
For the inner product, we define 

(7.4) gfj =< (*, ej >, 

and g^ a be its inverse. 

Then, in coordinate, potential can be written as (with Einstein sign convention) 

( 7 - 5 ) $ A {x) = ^ rXT Am iu- ,iH^M+i x h x ii -"Xik+i 

k>l 

We define h*<& A by the change of coordinate given by (|7.3[) 



lk+1 v •■■?/• 

'J(fc + l)l,--- J(fc + l)a fe + 1 »J" yj(fc+l)a fc + 1 

Here is the theorem due to Kajiura, in a translated form. 

Theorem 7.2 (Proposition 4.16 |Kaj| ). Let A,B be cyclic Aoc-algebras and let 
h : B — > A be a cyclic Aoc-homomorphism. Then, the potentials $ A , $ B are related 
by 

$ B = (h*<S> A ) C: 

where c means cyclization. 

The proof in |Kaj| was given by one line, which says that the proof follows from 
the non-degeneracy of the symplectic structures. The proof suggested by Kajiura 
is to check rather the identity 

($ B , ) = ((h*<S> A ) c , ), 

instead of the original one, where the bracket here is the poisson bracket from the 
symplectic structure. In writing down the detailed arguments following Kajiura's 
suggestion, we found that signs work in a very subtle way and we will prove the 
theorem with a slightly different identity to make the signs work. 



(7-6) _^ 

fc>l 
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~X\X2 ' ' ' X n , 



Namely, for the proof only, we introduce a new variable tj corresponding to a 
variable Xj whose degree is N — 2 — \xj\\ which in fact equals the degree \xi\' when 
9i,j 0- Then consider 

which has degree zero. 

We first explain how this derivation works. The basic rule is the Leibniz formula. 

{x 1 x 2 )-^-g i H j = x x {x 2 ^-g l H,) + (.,■.£-</> I ,).r- 2 

We may always put tj at the end by cyclically rotating the expression after the 
derivation. For example, consider the following cyclic non-commutative polynomial 

— ' n 

cr<EZ/nZ 

where cyclicity means the following equalities 

rt —I T \\ x i-l\(\ x i\ + ---\ x i-2\) r, 

a a(i)---a(i~l) — {— *-)' a cr(i~l)---<j(i~2)- 

If all XiS are distinct, one can check that 

( Q 

(7.7) F—g l Hj = a <T {i)... tr {i-x)Xi + xx i+ 2 ■ ■ ■ (g t3 tj) 

The case when some of the a;j's are equal, also can be done by Leibniz rule as 
in the ordinary calculus but except that after derivation, one can only cyclically 
rotate the expression. The reason we need to be careful is due to the following 
derivation. Consider a cyclic polynomial 

G =-(*,)"• 
n 

First, there may be two different notions of a cyclic polynomial, depending on 
whether one allows a monomial of type (xi) n to be cyclic element always or to be 
so only if 

which holds if n is odd or \xi\ is even. We call the former convention cyclic in 
a general sense, and the latter convention cyclic in a strict sense. The potential 
defined above is strictly cyclic. But for a general non-commutative polynomial, its 
cyclization exists only in the general sense because the above monomial does not 
have a cyclization in the strict sense. 

In any case, if we assume G to be strictly cyclic, we have 

(7.8) Gt^-//'*'/ , «;r,r '.,/%. 

Note that the results [7771 17.81 does not have the fraction l/n anymore. Without 
introducing the variable tj , derivation would have resulted several different signs as 

the derivative -J^- passes through x^s, in which case we cannot get rid of the fraction 
l/n. Only after we get rid of the fraction, we can apply various Aoo-formulas. This 
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derivation may be thought as a way of cutting cyclic symmetry and putting a tag on 
the last element. It is not hard to see that the cyclic non-commutative polynomial 
with the given partial derivative is determined uniquely up to a constant term. 
Now we begin the proof of the Kajiura's theorem. 

Proof. Instead of using ($ B , ) = ((h*& A ) c , ), we will prove that 

(7-9) = {h ^A )c d 

oy a dy a 

which is enough due to the non-degeneracy of g a ' J . 
First, consider the left hand side. 

fc>i 

Hence, 



(7-io) E /; " i ;' : ,-.,«< •••>/<•'/• 

k 

Note that at the first line, the fraction l/k + 1 disappeared due to the derivation 
as explained above, and the second equality follows by multiplying g and g~ l . 
Now, we consider the right hand side of the equation 17.91 When we apply the 

derivative -g^-g^t-y, we first organize the derivation into (fc + 1) groups, corre- 
sponding to the expressions h 11 ,■ ■ ■ , h Zk+1 . Due to the cyclic symmetry of $ A (in a 
strict sense), the fraction -^-^ is canceled by the derivation and we have 

( fi 

(h*$ A ) -—n an n - A m ] n A h h ...h tk+1 

{ dy a B 7 ~ ^ ^v-AWin,-*., " , Jcfc +1 )i J -.J(*+i)» fc+1 

' Q 

-Win ((%>+!)! • ■ ■ ) -q^JtP 1 !^ ■ 

Now, Aoo-homomorphism relation may be written as 



EAJ >,u . . . h 



j(k)l<— ;3(k)a k 



~ E /l L,---,<5,--- ,3(k)a k /; '"''- ••"../ - 

Applying this formula to 17. 1 H we obtain 



J(fe)a fc ""J*)'" >J**-' t 'Ji*fe+l'-j(fe+l)l:--' J(fc+l)a fc + 1 





( 7 - 12 ) ••■«7(* +1 ). w . 1 )^-flfl' r *7 >)■ 

Now, the definition of a cyclic morphism fLemma l3.3[) implies that the sum 



A'" J(fc)a fc tf Jl»k+l' J(fc + l)l,"- J(k + l)a fc + 1 
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as the arguments of h? and h lk+1 varies over all possible two partitions of the set 

(ill; ' ' ' >£)••• >i(fc)o fc > J(fe+l)X) ' ' ' J(k+l)a k + 1 ), 

vanishes except the case when both hP , h lk+1 have only one argument each. The 
property 

< fi,fj >b = < M/<)>^(/j) >A 

may be written as 

9i tj = I'lUuJ'i 

Hence, in our case, in the expression 1 7 . 1 21 we have a relation 

„B _ U A iik+i 

y<5,i(fc+i)i n syj,i k+ i n j {k+1)1 ■ 

The expression 17.121 becomes 

EBBS ( ® a,y. \ 

9S,H*+I)i m j n i,- ' ' ' Vim \VHh+i)i Q^ 9 B h>) 

where we multiplied g, g~ x to get the equality. This agrees with the expression [7T0J 
and this proves the theorem. □ 



8. Filtered cyclic Aqq-algebra 

We introduce an analogous definition of cyclicity in the case of a filtered Aoo- 
algebras, which was introduced in the construction of the Aoo-algebra of Lagrangian 
submanfolds by Fukaya, Oh, Ohta and Ono |FOOO| . For the definition of filtered 
Aoo-algebras, we refer readers to |FO OO for details. Here we discuss filtered Aoo- 
algebras over the filtered ring A not) , which is the universal Novikov ring. The 
universal Novikov ring is defined as (T, e as formal parameters) 

oo 

A n0 ii = {/ aiT Xi e TH \di 6 fc, \i e R, 7ij € Z and lim A; = oo}. 

i=0 

We have a graded subring Ao tTlov if all Ai > 0, and the filtration F x is defined 
by the condition Ai > A. Consider the filtered ^4oo-algebra structure on [C, m>o). 
In the filtered Aoo-algebras, there may exists mo term but is assume to satisfy 
mo(l) S F X C for some A > 0. And, C is a fc-vector space with C ®k Ao,not> — C. 

We consider only the gapped filtered Aoo-algebras, where the gapped condition 
is defined as follows. The monoid G C M>o x 2Z is assumed to satisfy the following 
conditions 

(1) The projection ni(G) C K>o is discrete. 

(2) Gn({0}x2Z) = {(0,0)} 

(3) G n ({A} x 2Z) is a finite set for any A. 

Then, (C, m>o) is said to be G-gapped if there exists fc-vector space homomor- 
phisms m k ,p : B k C[l] -> C[l] for k = 0, 1, • • • , (3 = (A(/3), fi(/3)) & G such that 

/3eG 

Let (C, {TOi j( a}j>o,/3eG) be a gapped filtered Aoo-algebra as above. 
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Definition 8.1. A filtered gapped A^-algebra (C, {m*}) is said to have a cyclic 
symmetric inner product if there exists a skew- symmetric non-degenerate, bilinear 
map 

<,>:C[l](g>C[l] -> k, 
which is extended linearly over C , such that for all integer k > 0, /3 S G, 

(8.1) < mk,p{x\,- ■ ■ ,x k ),%k+i >= < rn k ,p{x 2 , ■ ■ ■ ,Xk+i),Xi > . 

where K = | ' ( T + ••• + \x k +i\')- 

The definitions, and theorems in this paper for unfiltered ^oo-algebras can be 
extended to those of gapped filtered A^-algebras. 

Definition 8.2. An AoQ-homomorphism {hk}k>i between two gapped(over G) fil- 
tered Aao-algebras with cyclic symmetric inner products is called a cyclic gapped 
filtered A^, -homomorphism if 

(1) hi o preserves inner product < a,b >=< hi o(a), hi o{b) >. 
(2) 

(8.2) 2J < h i,Pi( x i, ■ ■ ■ > x i)> hj,p a (x i+ i, ■ ■ ■ ,x k ) >= 0. 

i+j=k,l3 1 +f3 2 =P€G 

Remark 8.3. This is equivalent to the definition using the commutative diagram 
as before. 

Here /ii.o = ^i,/3 where (3$ is the zero in the monoid G, or the homotopy class 
of the constant holomorphic maps in the case of [FOOO . 

Corollary 8.4. The characterization theorems \4-l\ \5.1\ also holds for the cyclic 
gapped filtered Aoa-algebra (Aoo-bimodules) . 

Proof. The proof has been written so that the analogous arguments in the gapped 
filtered case also holds. The difference is on the induction. In the gapped filtered 
case, the induction should be run over the sum of two indices. As \(J3) is discrete, 
we can find an increasing sequence Xi with lim A.; = oo which covers the image of 
A(G) C M>o- We run the induction over the sum k + i, where for the inductive step 
k + i = N , we consider the terms rrik,/3 with A(/3) = A;. □ 

Theorem 8.5. Let A,B be cyclic gapped filtered Aa^-algebras and let h : B — > A 
be a cyclic gapped filtered A^ -homomorphism. Then, the potentials ^> A 7 ^> B are 
related by 

$ s = (/i*$ A ) c + constant, 

where c means cyclization. 

Proof. The proof given in the previous section can be easily generalized to the 
filtered case except that in the filtered case, the related equivalence is up to a 
constant addition. This is because, the change of parameter may produce constant 
terms (comming from ho). But when we prove an identity, we check the identity 
after taking a suitable derivation. Hence the proof does not show what happens for 
the constant term. But in general, this constant term is expected to change when 
we change over ^oo-homomorphism. We do not know if there is a way to express 
and preserve the constant contribution from the potential, which we leave as an 
open question. □ 
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